FACTORIZATIONS OF SCHUR FUNCTIONS
RAMLAL DEBNATH AND JAYDEB SARKAR

ABSTRACT. The Schur class, denoted by S(D), is the set of all functions analytic and bounded
by one in modulus in the open unit disc D in the complex plane C, that is

SD) ={p € H*D) : [[¢lloc := ilelgls@(Z)l <1}

The elements of S(D) are called Schur functions. A classical result going back to I. Schur
states: A function ¢ : D — C is in S(D) if and only if there exist a Hilbert space H and an
isometry (known as colligation operator matrix or scattering operator matrix)

C D
such that ¢ admits a transfer function realization corresponding to V', that is
0(2) =a+ 2B(Iy — zD)"'C (z € D).

An analogous statement holds true for Schur functions on the bidisc. On the other hand,
Schur-Agler class functions on the unit polydisc in C" is a well-known “analogue” of Schur
functions on D. In this paper, we present algorithms to factorize Schur functions and Schur-
Agler class functions in terms of colligation matrices. More precisely, we isolate checkable
conditions on colligation matrices that ensure the existence of Schur (Schur-Agler class)
factors of a Schur (Schur-Agler class) function and vice versa.

V= [a B} CoH o CaH

1. INTRODUCTION

In this paper, D™ denotes the open unit polydisc in C*, n > 1. By definition, the classical
Schur class S(D™) consists of complex-valued analytic functions mapping from D" into the
closed unit disk D, that is

S(D") ={p:D" — C: ¢ is analytic and [|¢|l. < 1},

where || - ||oo denotes the supremum norm over D™. In other words, S(D") is the closed unit
ball of the commutative Banach algebra H>°(ID"), the set of all bounded analytic functions
on D" under the supremum norm. The elements in the set S(D") are called Schur functions
30, 31].

It is a very remarkable fact that the one variable (and two variables too but not more than
two variables, as we will see soon) Schur functions are closely related, via isometric colligations
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(or “lurking isometries” [3]), to bounded linear operators on Hilbert spaces. Recall that a
colligation (or scattering operator matriz) is any bounded linear operator V' of the form

A B
V= [O D] EPH S EDH,

where H, £ and &, are Hilbert spaces. The colligation is said to be isometry if V' is isometry.
Now, let ‘H be a Hilbert space and let

¢ D

be an isometric colligation. Then a straightforward but lengthy and conceptual calculation
(cf. page 73, [3]) verifies that 7, € S(D), where
v(2) =a+zB(Iy — zD)"'C (2 €D).

We call 7, the transfer function realization of the isometric colligation V. Conversely, if
¢ € S(D), then there exist a Hilbert space H and an isometric colligation V on C @ H, as in
(1.1), such that

(1.1) vz{a B}:C@H—MC@H,

QY ="Ty.
We now pause, with our background so far, to state one of our main results specializing to
the n = 1 case (see Theorem 3.4): Suppose ¢ € S(D). If ¢ = @1p9 for some ¢; and @, in
S(D), then there exist Hilbert spaces H; and Hy and an (explicit) isometric colligation

a B a Bl B2
(12) V - |:C D:| = D11 D12 . C EB (Hl @ Hg) — (C @ (Hl EB HQ),
C’2 D21 D22
such that
(13) D21 =0 and CLD12 = ClBQ,

and ¢ = 7y, where 1y (2) = a + 2B(Iyyan, — 2D)'C, z € D.
The converse is true under an additional assumption that ¢(0) # 0 (see Theorem 4.1, Section
4, for the case p(0) = 0): If ¢ = 7 for some isometric colligation V' as in (1.2) satisfying
(1.3) and a := ¢(0) # 0, then ¢ = @19 for some p; and @, in S(ID). Moreover, in this case,
@ and ¥ are explicitly given by ¢ = 7y, and ¢ = Ty, where

C(2 D22

are isometric colligations and « and [ are non-zero scalars which satisfy the following condi-
tions

_ | b [B 1B,
‘/1—[%01 DH]EB((CEBHl) and VQ_[ € B(C & Hy),

B> = |a]* + C;C, and a = %.

In view of the above results, it is now clear that the goal of this paper is to clarify the link
between isometric colligations and factors of Schur functions.

We also remark that the above one-variable factorization of Schur functions also relates
to factorizations of Sz.-Nagy and Foias characteristic functions [20] as well as Brodskii col-
ligations [9] in terms of invariant subspaces of certain operators [9, Theorem 2.6]. More
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specifically, see the idea of the product of colligations (as well as for a similar result as above,
but in one direction) in [4, Theorem 1.2.1] and [9, Theorem 2.8]. However, here our results are
different in the following sense: (i) we are interested in scalar-valued (unlike operator-valued
functions in [4, 9]) Schur functions, (ii) our isometric colligations are explicit, (iii) our method
is reversible (see Subsection 5.5), and (perhaps most importantly) (iv) our ideas works in the
setting of n-variable Schur(-Agler) functions.

We continue the discussion by presenting a transfer function realization of a two variables
Schur function (see [2] and also page 171, [3]):

Theorem 1.1 (Agler). Let ¢ be a function on D% Then o € S(D?) if and only if there exist
Hilbert spaces Hi and Hs and an isometric colligation

V= {g g] € B(C® (H1 @ Ha)),

such that ¢ = T, where

TV(Z) =a-+ B(['H1G§'H2 - EH1€BH2(’Z)D)_1E'H1®H2 (Z)O7
and By e, (2) = 2113, ® 2013, for all z € D.

Here and throughout the paper, elements of C* will be denoted by =z, that is, z =
(21,...,2,) € C". Also we denote by B(Hi,Hz) (and simply by B(H;) if Hi = Hs) the
set of all bounded linear operators from the Hilbert space H; into the Hilbert space Ho.

Agler’s result exemplify the possibility of transfer function realizations (corresponding to
isometric colligations) of Schur functions in n-variables, n > 2. This is, however, not true in
general, and the possibility of transfer function realizations of functions in S(D"), n > 3, is
closely related to (as also the ideas in Agler’s proof suggests) the subtlety of von Neumann
inequality of commuting n-tuples of contractions, n > 2, on Hilbert spaces.

This motivates consideration of a special class of bounded analytic functions: The Schur-
Agler class SA(D™) [1] consists of scalar-valued analytic functions ¢ on D™ such that ¢ satisfies
the n-variables von Neumann inequality, that is

lo(Th, ..., T)|lBay <1,

for any n-tuples of commuting strict contractions on a Hilbert space H. The elements of
SA(D™) are called Schur-Agler class functions. If ¢ € SA(D"), then we also say that ¢ is
a function in the Schur-Agler class SA(D™). The following theorem of Jim Agler [1] then
obtains:

Theorem 1.2 (Agler). Let ¢ be a function on D™. Then ¢ € SA(D"™) if and only if there
exist Hilbert spaces Hy, ..., H, and an isometric colligation

a B n

such that ¢ = 1, where

Tv(z) = a+ B(Iyy — Eyn(2)D) " Eyn (2)C,
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n

= @Hl and Eyn(z) = @ZZ‘I'HZ. for all z € D™,

i=1 i=1

Following the classical (one variable) von Neumann inequality, Ando [6] proved that the
von Neumann inequality also holds for commuting pairs of contractions. On the other hand,
as we have pointed out earlier, the von Neumann inequality does not hold in general for
n-tuples, n > 2, of commuting contractions [12, 33]. It follows then that

S(D) = SAD) and S(D?) = SAD?),

but S(D") 2 SA(D") for all n > 2.

Needless to say, transfer function realizations and isometric colligation matrices correspond-
ing to Schur-Agler class functions in n-variables, n > 1, are among the most frequently used
techniques in problems in function theory, operator theory and interdisciplinary subjects such
as Nevanlinna-Pick interpolation [2], commutant lifting theorem and analytic model theory
29, 15, 16], scattering theory [7], interpolation and Toeplitz corona theorem [8], electrical
network theory [19, 20], signal processing [22, 17], linear systems [21, 13, 32|, operator alge-
bras [25, 26] and image processing [28] (just to name a few). In this context and for deeper
studies, we refer the reader to a number of classic work such as Livsic [23, 24], Brodskii [9],
Brodskii and M. Livsic [10] and Pavlov [27]. Also see [5], [11] and [18] and the references
therein.

From this point of view, along with a question of interest in its own right, here we aim
at finding necessary and sufficient conditions on isometric colligations which guarantee that
a Schur-Agler class function factors into a product of Schur-Agler class functions. More
precisely, we aim to solve the following problem: Given § € SA(D"), find a set of necessary
and sufficient conditions on isometric colligations V' which ensures that

HZTV:SOwa

for some (explicit) ¢ and ¢ in SA(D").

In this paper we give a complete answer to this question by identifying checkable conditions
on isometric colligations. Our results and approach are new even in the case of one variable
and two-variable Schur functions (however, see the paragraph preceding Theorem 1.1). In this
context, it is also worth noting that the structure of bounded analytic functions in several
variables is much more complicated than the structure of Schur functions on the unit disc (for
instance, consider the existence of inner-outer factorizations of bounded analytic functions
in one variable). From this point of view, our approach is also focused on providing an
understanding of the complex area of bounded analytic functions of two or more variables
(as the transfer function realization technique has already proven to be extremely useful in
proving many classical results like Nevanlinna-Pick interpolation theorem and Carathéodory
interpolation theorem etc. in several variables).

Our main results, specializing to the n = 2 case, yields the following: Suppose § € S(D?)
and a := 0(0) # 0. Then:
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(1) Theorem 2.4 implies that: 6(z) = p1(21)p2(22), 2 € D?, for some 1 and @y in S(D) if
and only if § = 7, for some isometric colligation

a ‘ Bl BQ
V - Cl DH iC’lBQ S B((C @ (Hl @ Hg))
Cy| 0 Y

(2) Theorem 3.4 implies that: 6 = @i for some ¢ and ¥ in S(D?) if and only if there exist
Hilbert spaces {M,}?_, and {N;}?_, and isometric colligation

e B(Co (M aM)® (M0 N))),

such that 0 = 7y, and representing B;, C; and D;; as

Ci(1)

B = [Bi(1) Bi(2)] € BM; @ N, C) and G = [C(2)

Dy(21) Dy(2)
and aD;;(2) = C;(1)B;(2), 4,5 =1,2.
Moreover, in the case of (1) (see Theorem 2.3): ¢1(z) = 7y, (2) and a(2) = 74, (2), z € D,
where « B 5 1ip

ne [%Cl D”} and V2= l@ Obzfj ’
and o and 3 are non-zero scalars satisfying the conditions |3]? = 1 — C5C5 and o = 5: and
in the case of (2) (see Theorem 3.3): p(z) = 75, (2) and ¥(z) = 11, (2), 2 € D?, where

Vlz{ a B(l)] and sz{ﬁ 53(2)}’

and D;; = [Dij(l) Dy (12)] B(M; & Nj, M; & N;), respectively, one has D;;(21) = 0

3C(1) D(1) C(2) D(2)
and
2 2 : : : : C1(4)
D(1) = [Du(]?,, . D) = [Du(@)]?,_,. B)= [Bii) Bai)] and C(i) = {@(z‘)]’
for all i = 1,2, and o and (3 are non-zero scalars satisfying the conditions |3]*> = |a|? +
C(1)*C(1) and a = §.

Remark 1.3. The assumption that 0(0) # 0 is not essential for the necessary parts of the
above results (and Theorems 2.4 and 3.4) and the case of 0(0) = 0 will be treated separately
in Section 4. As we will see there, functions vanishing at the origin reveals more detailed
properties of corresponding isometric colligations.

The rest of this paper is organized as follows. Section 2 contains the definition of F,,(n)
class of isometric colligations, 1 < m < n, and a classification of factorizations of functions
in the Schur-Agler class SA(D"), n > 1, into Schur-Agler class factors with fewer variables.
Section 3 introduces the F(n) class of isometric colligations, which connects the representation
of a Schur-Agler class function to its Schur-Agler class factors. In Section 4, we will discuss
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factorizations of Schur-Agler class functions vanishing at the origin. The concluding Section
5 outlines some concrete examples and presents results concerning one variable factors of
Schur-Agler class functions and a remark on the reversibility of our method of factorizations.

2. FACTORIZATIONS AND PROPERTY F,,(n)

In this section, we present results concerning factorizations of Schur-Agler class functions
in SA(D"), n > 1, into Schur-Agler class factors with fewer variables. More specifically, our
interest here is to identify (and then classify) isometric colligations V' such that 7, € SA(D")
and

Tv(z) = @21,y 2m)V(Zmats - - -5 Zn) (z € D),
for some (canonical, in terms of V) ¢ € SA(D™) and ¢ € SA(D* ™). Throughout this
section we will always assume that 1 < m < n.

We begin with fixing some notation. Given 1 < m < p < n and Hilbert spaces H, ..., H,,

we set
HE = Hp @ Hiny1 © - ©Hp.

n

In particular, H} = @ H;. Moreover, with respect to the orthogonal decomposition H} =
i=1

H @M., we represent an operator D € B(HY) as

| Du Dio m n
D = [Dm Dﬂ] € B(H] @Hm+1).

Similarly, if £ and &, are Hilbert spaces, B € B(H},€) and C € B(E,, HY}), then we write

Ch
Cs

Now we are ready to introduce the central object of this section.

B=[B B, eBM®H,,E) and cz{ ]eB(&,HT@%gH).

Definition 2.1. Let 1 < m < n. We say that an isometry V € B(H) satisfies property F,,(n)
if there exist Hilbert spaces H, ..., H, such that H = C & HY, and representing V' as

a Bl B2
V=|C Du Di| € BCOH!"DH,, 1),
Cy Dy Doy

one has Doy = 0 and aD1y = C1Bs.

More specifically, an isometry V' € B(H) satisfies property F,,(n) if there exist Hilbert
spaces Hy,...,H, such that H =C S H, P --- ® H,, and writing V as

a|B - B,
V= Q1 l).ll Dlln ’

onC® (Hi®--- @ Hy), one has
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foralli=m+1,--- ,nand j=1,--- ,m, and
CLDZ']' = CZ'BJ',
foralli=1,--- ;mand j =m+1,--- ,n. By way of example, we consider the two variables

situation. We say that an isometry V satisfies property JF;(2) if there exist Hilbert spaces H;
and Hs such that

a By B,
V= |C, Dy Diaf € B(C OH, D HQ)
Cy 0 Do

and CLD12 = ClBg.
Let us introduce some more notation. Let 1 < m < p < n. We set
Eyp (2) = 2mIn,, @ @ 251y, (z e C).
Also for X € B(HE,), || X|| < 1, define

Rz X) = (Ly, — B (X)) (z€ D)

Note that R? (z, X) is a function of {z,,, ..., 2,} variables. Moreover, we will denote R} (z, X)
simply by R(z, X).

Now we proceed to prove that a pair of isometric colligations is naturally associated with an
isometric colligation satisfying property F,,(n). More specifically, given 7y, € SA(D™) and
Ty, € SA(D"™) for some isometric colligations V; and V3, we aim to construct an explicit
isometric colligation V' such that V' satisfies property F,,(n) and

TV(Z) =T (Zb R Zm)TVQ(Zerla S 7Zn> (Z € Dn)
To this end, let H4,...,H, be Hilbert spaces. Suppose

a By

m ay B
%:{Cl DJeB(C@Hl), and ng{? 2

}eBm@Ham

are isometric colligations. Define V; and V; in B(C @ H* @ H"_,) by

R aq Bl 0 B (05} 0 BQ
Vi=1|Ci Dy O and Vo=|10 I 0|,
0o 0 I Co 0 D,

and set V = \71f/2 It is easy to check, by swapping rows and columns (of ‘72), that ‘71 and f/g
are isometries and thus the isometric colligation

a1dg ‘ Bi  a1By
V=@l [D CiB;| € B(Co (M ®H,.)),
Cy | 0 Dy

satisfies property F,,(n). Let z € D". Clearly

D, Ci\B C
1v(2) = aas + [B1 a1Ba] R(z, [ 01 11)22])EH?(Z) [aQC;] |
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where
D, CiBy|\7! _ EH{"(Z) 0 D, CiB,
R(z, {0 D, 1 ) = by 0 Eyn  (2)] |0 Dy
_ Iq.[vln — EHIVL(Z)Dl —EH{n (Z)OlBg
0 [H:Lrwrl - E’H:Lrwrl (Z)DQ ’

By the inverse formula of an invertible upper triangular matrix, it follows that

R(Z D1 ClBQ )_ R?(Z,Dl) RT(zaDl)E’HT(Z)ClB2R?n+1(Z7D2)
IO Dy a 0 Ry 1 (z,D,) ’

We now infer, in view of the above equality, that

D, CiB a,C'
Tv(2) = a1a + [B1 a1 By) R(z, [01 11)22} )EH;L(z) { éﬂ

R{”(z, Dl) RT(z, Dl)EH{” (Z)CleRZH_l(Z, Dg):|

= aias + |:B1 a1B2i| |: 0 R:};H-l(z’ DQ)

% QQE'H’T (Z)Cl
By, (2)C2
= a1a9 + agBlRT(z, Dl)EHgn(Z)Cl + alBgRZﬁHrl(Z, D2)EH:LVL+1 (Z)CQ
+ BlRT(Z, Dl)EH’lﬂ(z)ClBQRZH-l(zv D2)EHZ’L+1 (Z)CQ
- (a1 + BR"(z, Dl)EH;n(z)Cl) <a2 + ByRY (2, Da) B, (z)cg)
=7, (215 Zm) TV (Zma1s - - -5 Z0),
for all z € D". We have therefore proved the following result:
Theorem 2.2. Let 1 < m < n, and let Hy,...,H, be Hilbert spaces. Suppose
a1 Bl - ' | ag BQ = A
Vi = {01 DJ € B(C® (g:? H;)) and Vo= {02 DJ cB(Co (P H)).

1=m+1

are isometric colligations. Define Vi, Va and V in B(C D ((é Hi) B ( é Hl)>> by
i=1

i=m-+1
5 aq B1 0 B a9 0 B2
‘/1 == 01 D1 0 and ‘/2 = 0 I 0 s
0o 0 I Co 0 Dy
and V =V, Vs, respectively. Then
aiaz ‘ Bi  a1By m n
V= (lgCl D1 ClBQ S B(C ) <(@ Hz) S ( @ Hz)>>7
Co | 0 Dy i=1 i=m+1

is an isometric colligation, V' satisfies property F,,(n) and

Tv(2) =1, (215 oy 2m) TV (Zmt 1y -« -5 Zn) (z € D").
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Now to prove the reverse direction, we assume in addition that 7,(0) # 0 (for the case of

transfer functions vanishing at the origin, see Section 4) : Suppose H;, ...

spaces and
a Bl Bg

(21) V = Cl D11 D12 € B(C D Hm @ Hm—H)
Co 0 Do

is an isometric colligation satisfying property F,,(n). Thus

(22) (IDlg = ClBg.

Suppose a := 7/(0) # 0. Since V*V = I, we have
la* + CFCy + C3C0y = 1,
implies that
1—C5Cy = |af* + C;Cy > 0,
as a # 0. Then there exists a scalar 5, 0 < |5]| < 1, such that

6] =1 - C5Cs.
It now follows that
(2.3) CiCy = |8 — |af?,
and
a

24 o= —,
(2.4) 3
is a non-zero scalar. Define

(6% Bl 0 5 0 éBQ

Vi= |30 D 0| and Vo=1[0 I 0 |,
0 0 I Cy 0 Doy

on CoH @ Hy, . It follows from (2.3) and (2.4) that

af* + =5 CC0 = |af* +

IBP 1812

that is
(2.5) laf® + WC*Q
Also, we see that BY B, + D, Dy = I, and

1 1 -
dBl + EO;{DH - E(dﬂBl —|— CTDll) —

Res

ST UL S Y i L

(aBl + Cilel) —

, H,, are Hilbert

and hence V{*V) = I. We now proceed to prove that V5 is also an isometry. First, it easy to

see that aBy + C} D1y + C5Dgy = 0, and hence, by (2.2), we have
) _
OZELBQ—FCTDQ—FC;DQQ :ELBQ—FaCfClBg—FC’;DQQ (|Oé|2 ‘5‘2

——=C7C1)By + C5 Dos.
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Then (2.5) implies that §BQ + C5 Dy = 0. Finally, again from V*V = I we get
B;BQ -+ DT2D12 —|— D;2D22 - I
Now again by (2.2) we have

1
+ WOTCI)B2 + D;QDQQ

1
:_B* 0[2
aplallel W

so that #B;Bg + D3,Dos = I, by (2.5), from which we conclude that V5V = I. Finally,
notice that

B;BQ + DT2D12 + D§2D22 == B;(]_

——C7C1)By + D3y Do,

af By By a B B
ViVo = |C1 Du ;150132 = |C7 Dpy %C’lBQ ,
02 0 DQQ 02 0 D22
and hence V' =V, V5, by (2.2). Then, by Theorem 2.2, we have
v(2) = 15, (215 2m) T (Zmg 1, - - -5 Zn),
n 7 « B1 o 5 éBQ
for all z € D™ where V| = [ % C Du] and Vo = [02 Dos | Thus we have proved the

following statement:

Theorem 2.3. Suppose Hi,...,H, are Hilbert spaces and a be a non-zero scalar. If
a ‘ Bl BQ n
V = Cl D11 —ClBQ € B(C D ( @7‘[ @ 7‘[0)),
C12 0 D22 i=m+1

18 an isometric colligation, then

- - 1
-l 8] weonefd 4]

are isometric colligations in B(C @ (@ 'H,)) and B((C & ( @ 7-[0), respectively, and
i=1 i=m+1
v(2) = 75, (215 2m) T, (21, - - -5 Zn) (z € D),
where o and B are non-zero scalars and satisfies the following conditions
a

B> = |al* + C;C,  and o= 5
Summing up the results of Theorems 2.2 and 2.3, we conclude the following factorization
theorem on Schur-Agler class functions in SA(D"), n > 2:

Theorem 2.4. Let 1 <m <mn, and let § € SA(D™). If 6(0) # 0, then
Q(Z) = (P(Zl,"' ,Zm)¢(2m+1,"' 7Zn) (Z € ]D)n)v



FACTORIZATIONS OF SCHUR FUNCTIONS 11
for some p € SA(D™) and ¢ € SAD"™) if and only if
0(z) =mv(z) (z€D"),
for some isometric colligation V' satisfying property Fp(n).

We again point out that the assumption §(0) # 0 is not needed to prove the necessary part
of the above theorem. Classification of factorizations of functions vanishing at the origin will
be discussed in detail in Section 4.

3. FACTORIZATIONS AND PROPERTY F(n)

In this section we investigate general n-variables Schur-Agler class factors of Schur-Agler
class functions in SA(D"). More specifically, for a given § € SA(D"), we give a set of
necessary and sufficient conditions on isometric colligations ensuring the existence of ¢ and
¥ in SA(D") such that § = pb. We identify a new class of isometric colligations, namely
F(n), and prove that the (Schur-Agler class) factors of Schur-Agler class functions are com-
pletely determined by isometric colligations satisfying property F(n). Here we do not set any
restriction on n, that is, we will assume that n > 1.

We first identify the relevant isometric colligations:

Definition 3.1. We say that an isometry V. € B(H) satisfies property F(n) if there exist
Hilbert spaces {M;}"_, and {N;}?_, such that

n

H=Co (Do)

=1

and representing V' as

a ‘ B, --- B,
Ci| Dy -+ D "

L R €B<C@<@(Mi@M)>>a
én Dnl Dnn .

and B;, C; and D;; as

B, = [B1) Bi2)] € BM, ®N,.C), Ci= [ggﬂ € B(C, M; & \)),

and
D;:(1) D;; (12
Dij = [Dif((zf) ij((2))} € BM; SN, M SN,
one has

foralli,7=1,... n.
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As in Section 2, here we also first prove that a pair of isometric colligations is naturally
associated with an isometric colligation satisfying property F(n). Let { M}, and {N;}",

be Hilbert spaces, and let

« ‘ B1 Bn
a B Ci| D Dy, n
Vlzlc D}: S E € B(Ce MY7),
Cn Dnl Dnn
and
6 ‘ Fl Fn
F G| Hu Hyy, n
sz{g H}: : E E e B(Ca N,
Gn Hnl Hnn
be isometric colligations. Given ¢ = 1,...,n, we define H; = M; & N;, and bounded linear

operators B;, C; and D;; as

B; = [B; 0] € B#,,C), C;= {%] € B(C,H,), and Dy; = [%” 5.0.]} € B(H;, M),
forall i,5 =1,...,n. Set
i [0 Bl Bn i
- Ci| D Dy,
(3.1) i=| |8 "l eBCaH.
_C’n Dnl Dnn_
On the other hand, let
[ ﬁ Fl Fn
- Gy | H H,
(3.2) = " eBCeny),
_én ]:Inl ]:Inn
where
Fi=[0 F)eB@#,0), &= 0] eB@ ) and ity = |27 O e B2
(2 1 (3 9 (2 _Gi 9 1) 1) 0 Hz 710 1)

for all i,j = 1,...,n. Define V = V;Vj. It then follows that V € B(C @ H7}) is an isometry

and
046 ‘ Bl Bn
Cy | D Dy,
(3:3) = '
CA’n [)nl [)nn
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where

ﬁél] € B(C,Hl), and Dij = l

for all i, = 1,...,n. Define X(z): C — C, z € D", by

(3.4) B; = [Bi ogFi] € B(H;,C), C; = { D;; OiFj:| ’

0 Hy

X(z) = B(Iyy — En(2)D) " Ey(2)C.
Then 7v(2) = aff + X(z), z € D". Next, define the flip operator 1 : H} — M7 & NJ*, by

(3.5) (é fz@gz> @fz (égi),

for all f; € M; and g; € N;, i =1,...,n. Then n is a unitary operator and so

X(2) = (Br) (Tugens — 1B (D) 0Dn)) (B ()" (n).

On the other hand, the definition of the flip operator 7 reveals that

D % A C Ay D CF * Epp(z 0

In particular, this yields

I - EM?(Z)D —EM?<Z>OF:| (Z c ]Dn)

IM’{’@/\G" - (WEH?(Z)U )(nDn*) = { 0 I — ENJL(Z)H
In order to further ease the notation, for Hilbert spaces {S;}7; and z € D", we set

n

ES(Z) = @ Z’ZIS,'7

=1

n -1
and, for Y € B{E@D S), Y| < 1, define r(z,Y) = (IS{L - Eg(z)Y) .
i=1
Continuing the above computation, for each z € D", we now have
(z,D)Eppn(z)CFr(z, H
(IM’;@W = (1B (2)17)( 77D77 [ ) A:(z( 121) ( )] :

Moreover, since (nEx»(z)n I (nC) = [ﬁ EEA/;/( <(7;) } it follows that

X(z)= [B oF] {6r(z,D)EM?(z)C +E"( ))Eﬁj/—M(() )C’Fr(z,H)EN{z(z)G]
= BBr(z, D)Em: (2)C + Br(z, D)Exg (2)CFr(z, H)Exn(2)G + aFr(z, H)Exr(2)G,

and so 1y (z) = 1y, (2)1,(2), z € D". We have therefore proved:
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a B T g F
Theorem 3.2. Suppose V| = [C’ D] € B(C & (@MQ) and V, = [G H] € B(C ®

(@ M)) are isometric colligations, and let V = ViV, where Vy and Vs are as in (3.1) and
i=1

(3.2), respectively. Then the isometric colligation V € B<(C @ (@(MZ @M))) as in (3.3)
i=1
satisfies property F(n) and Tv = Ty, Ty, .

We have the following interpretations of the above theorem: Let 0, ¢, € SA(D"), and
suppose 6 = @i. Suppose V| = [g g} and V5 = [g Z.] are isometric colligations on
CoMiand Co N7, respectively, and ¢ = 1y,, and ¢ = 7y,. Then the isometric colligation
V = ViV, as constructed in Theorem 3.2, satisfies property F(n) and v (z) = 7, (2)1,(2)
for all z € D", that is, § = 7.

Now we proceed to treat the converse of Theorem 3.2. Let V' € B(#H) be an isometric
colligation, and let V' satisfies property F(n). As in Theorem 2.3, here also we assume that

a = 1y(0) # 0. Now

n

H=Co (Do)

i=1
for some Hilbert spaces {M;}?; and {N;}",, and
a | Bl -+ By

a B Cy| D -+ Dig
where
(3.7) B; = [Bi(1) Bi(2)] e BIM; & N;,C), C;= {Og;} € B(C,M; & N;),
and

D;;(1) LCi(1)B;(2
39 Dy = [P 2D € By 0 05, M0 40,
forall 7,7 =1,...,n. Set
(3.9) D(1) = [Dy(1)]},_, € BEPM:), D(2) = [Dy(2)];,_, € BEDN)
i=1 i=1

and
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and consider the flip operator 7 : (@?:1(./\/11 @M)) — (P, M) ® (B, N) (see (3.5)).
Then

. [D(1) D2 T a
WD = [ 0 D) € B(@ M= @A)
If we define V;, := [(1) 2] V {(1) 2] , it then follows that V, = L?% 77%77;*
é(/\/ll ® N;). Moreover, since By* = [B(1) B(2)] and nC = [C(1) C’(2)]t, we see that

=1

} is an isometry on

a B() B2 n n
V,=|C@1) D(1) Lfc(1)B(2)| e B(Ca (P M) @ (EPMN)),
P e celes @ e @)
where
(3.10) B(i) = [Bi(i) Ba(i)] and C(i) = {g;m

for all i = 1,2. We have now arrived at the setting of the proof of Theorem 2.4 (more
specifically, compare V, with V in (2.1)). Following the constructions of Vi and V5 in the
proof of Theorem 2.4, we set

( [ o B(1)] n
V= e p) eB(C@@Mi))
(3.11)
_| B :B® n
" C(2) D) €B<C@<Z@1Ni)>’
where
182 = a2 + C(1)*"C(1) =1 - C(2)*C(2) and a= %.

Since a # 0, it follows that « (and § too) is a non-zero scalars. One may now proceed,
similarly as in the proof of Theorem 2.4, to see that V; and V; are isometries. Then, applying
Theorem 3.2 to the pair of isometries V1 and V3, we get the canonical pair of isometries V; and
Vi such that 7y v, = 7137, On the other hand, it follows directly from the construction of V;
and Vj (see (3.3)) that V = ViV, and consequently, 7y = o7, = TViTv,- We have therefore
proved the following counterpart of Theorem 2.3 for isometric colligations satisfying property
F(n).

Theorem 3.3. LetV € B(C@(@(Mz@/\@))) be an isometric colligation, and let V satisfies

i=1
property F(n). If 7/(0) # 0 and V' admits the representation as in (3.6) with B, C and D as
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n (3.7) and (3.8), respectively, then

vi= ot o) eg(@@@w ot vi= [y 420 e s(ce @ ).

are isometric colligations where B(i),C(i) and D(i) are as in (3.9) and (3.10) and o and
are non-zero scalars and satisfies the following conditions

18> = |a* + C(1)*C(1) and a:%.
Moreover, Ty = Ty, Ty,.

This along with Theorem 3.2 yields the following classification of Schur-Agler class factors
of Schur-Agler class functions in SA(D"), n > 1:

Theorem 3.4. Suppose 0 € SA(D"), and suppose that 0(0) # 0. Then 0 = b for some
o, € SAD™) if and only if 0 = 1 for some isometric colligation V' satisfying property
F(n).

Given 0 = 7y, for some isometric colligation V' satisfying property F(n), as presented above,
we now know that 0 = ¢ for some ¢, € SA(D"). If V admits the representation as in
(3.6), then it follows moreover from (3.11) that

12 p(z) = @+ B Ly ~ Barg (:)D(1)) " Eap(2)C(1)
U(z) =B+ ;BQ2)Inp — Enp(2)D(2)) ' Eap(2)C(2) (2 €D").
The assumption that #(0) # 0 in the proof of the sufficient part will be discussed in Section

4. Also see Subsection 5.3 for a natural connection between F,,,(n) and F(n), 1 <m < n.

4. FUNCTIONS VANISHING AT THE ORIGIN

As pointed out in Remark 1.3, factorizations of functions vanishing at the origin reveals
more detailed structural properties of associated colligation matrices. To this end, in this
section, we present a complete description of the connection between isometric colligations
and Schur-Agler factors of Schur-Agler class functions vanishing at the origin. The case of
one variable Schur functions will serve well to illustrate the notation scheme for functions in
several variables that we adopt.

Suppose 0 € S(D), 6(0) = 0 and 6 = i) for some ¢ and ¢ in S(D). The following two
cases can arise:

Case (i) ¢(0) = 0 and ¥(0) # 0: Let ¢ = 7y, and ¥ = 7y,, where V; = {O B(C & Hy)
.Y 5 0/Q 0 |0 Y
and Vo, = {Z W] € B(C @ Hy). Therefore Vi = |R|S 0 | and Vo= 101 0
0|0 I Z10 W
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isometries in B(C @& (H1 @ H,)). On defining V := V; V3, we have the isometry

(4.1) € B(Ca (H1® Ha)),
where
0@ O
= |zR|S RY
Z |0 W

We then have C; = xR and Dy = RY', and consequently the condition R*R = 1 yields
C1CiDy = |z|?RR*Dy = |2?RR*RY = |z|?RY = |z|*Dy = C;C1 D,

as C7C = |z|?(> 0). Moreover, with V as in (4.1), we compute 7y as:

mv(z) = [B1 0] (I - {l())1 gj )12 {gj

—2[B, 0] {(I — zODl)—l (I— ZDE)[_iZZ;S—T zD4)—1] {gj
=2 [Bi(I — 2Dy)™t 2By(I — 2D1) 7 Dy(1 — 2Dy) 7! {gj ,
and so
(4.2) () = (zBl(I - le)—1> (01 4 2Dy(I — zD4)_1C'2> (2 € D).

Substituting the values of By, C;, and Dj, ¢ = 1,2 and j = 2,4, we have
v (2) = (2B1(I—2D1) ) (Ci+2Dy(I1—2Dy) ' Co) = (2Q(I—2Dy) M) (wR+2zRY (I—2W) "' Z),
and hence 7y (2) = (2Q(I — 25)'R)(x + Y (I — z2W)"'Z) for all z € D, which implies

that # = 1. Thus, we have collected together all the necessary properties of the isometric
colligation V' as:

(43) C’lchg = CikchQ and C’fC’l > 0.
Conversely, suppose V' is an isometric colligation as in (4.1), let § = 7, and let V' satisfies the
conditions in (4.3). Let z be a non-zero scalar such that |z|> = C;C. Define V; € B(C® H,)
and V3 € B(C & Hs) by
o B _ [z iCiD,

Vi = {%01 Dl] and V, = [02 D, |-
Note that |z|> = 1 — C;Cy = C;Cy. A simple computation then shows that V; and V5 are
isometric colligations. Now we compute

Tv(2) = 2B1(1 — 2Dy)"'Cy + 2°B1(1 — 2Dy) ' Dy (1 — 2Dy) ' Oy,

and

1
Tv, (Z)TV2 (Z) = ZBl(l - le)_IC’l + 2231(1 - le)_l{WClCi"Dg}(l - 2D4)_102.
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Thus, 7v = 7y, 7y, where 7(0) = 7y, (0) = 0 and 7,(0) # 0.

Case (ii) ¢(0) = ¢(0) = 0: Suppose ¢ = 7y, and ¢ = Ty,, where V; = [2 g] € B(Co Hy)

and Vo = g %// € B(C @ H,) are isometric colligations. We associate with V; and V, the
isometric colligation
0 @ 00 0 Y 0/Q O
V=|R S 0|0 I 0|=1|0|S RY |,
0O 0 I|l|Z 0o W Z10 W

in B(C® H; ® Hy) and set

(4.4)

Then, in view of (4.2), it follows that 6§ = 7. Also we pick the essential properties of the
isometric colligation V' as

(4.5) X*X=1 X'D,=0, and D,= XY,

where X = R. Note that the first two equalities follows from the fact that V; is an isometry.
To prove the converse, suppose V' is an isometric colligation as in (4.4), 0 = 1, X € B(C, Hz)
is an isometry, Y € B(Hz,C) and the conditions in (4.5) hold. Since V*V = I, we have

C5C; 0 Cs5D,
0 BiB{ + DiD, DiD, = Icormoma,
DiC,  DiD, DiDs + DD,
0 B : : : L : .
and hence V; 1= ¥ p | € B(C & H,) is an isometric colligation. Since Dy = XY, D5Dy =
1

0 Y

Y*Y, and hence D;Dy+D;Dy = I yields Y*Y+D; Dy = I. Thus Vs := {C D
2 Ly

} € B(CoH,)

is an isometric colligation. For all z € D, we have
T (2)7,(2) = 22B1(1 — 2D1) ' XY (1 — 2D,) " Cs,
and, on the other hand, in view of (4.2), we have
Tv(2) = 22B1(1 — 2D1) "' Dy(1 — 2Dy) ' Cy.
This and XY = D, implies that 6 = 7 = 7y, 7y,. Thus we have proved the following:
Theorem 4.1. Suppose 6 € S(D) and 6(0) = 0. Then:
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(1) 0 = o for some p,p € S(D) and ¥ (0) # 0 if and only if there exists an isometric
colligation
0B 0
V=1|C|Dy Dy | € BICS(HDH2)),
such that C1CY Dy = CTC Do, CTCy > 0, and 0 = 1y.
(2) 0 = o for some v, € S(D) and ¢(0) = 0 = (0) if and only if there exists an

isometric colligation

0B O
V = 0 D1 D2 S B(C 2] (Hl D %2))7
02 0 D4

such that 0 = 1y, X*Dy = 0, and Dy = XY for some Y € B(Ho,C) and isometry X €
B(C,Hs).

The general case of functions vanishing at the origin in several variables (in SA(D") or
M (H?)) can be studied using the technique developed in the proof of Theorem 4.1. In
particular, similar arguments allow us to obtain also a similar classification of factorizations
for functions in SA(D™) vanishing at the origin. We only state the result in the setting of
Section 3 and leave out the details to the reader.

Theorem 4.2. Suppose § € AS(D") and 0(0) = 0. Then:
(1) 0 = i for some p,9 € SAD™) and ¥(0) # 0 if and only if there exist Hilbert spaces
{H:}y, AM and {N;}, and an isometric colligation

0 ‘ B, --- B,
0 B Cy| D -+ Dy -
V:[C D]: e eB(C@(@Hi))
Cn Dnl e Dnn -
such that @ = 1y and Hy = My @ Ny, k=1,...,n, and representing B;, C; an D;; as

Ci(1)

B; = [Bi(1), Bi(2)] € BIM; © N;, €),  C; = [Cz'(Q)

and D;j = lll)):(gll)) %;((122))} € B(M; & N, M; ®N;), one has B;(2) =, D;;(21) =0, and
C(1)C(1)*D(12) =C(1)*C(1)D(12) and C(1)*C(1) >0,
Ci(1)
where i,j =1,...,n, and C(1) = : and D(12) = [Dij(12)]jj:1 :
Ca() |

(2) 0 = o for some o, € SAD™) and p(0) = 0 = ¥(0) if and only if there exist
Hilbert spaces {H;}",, {M;}"; and {N;},, an isometry X € B(C,@ M,), a bounded
i=1
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linear operator Y € B(@ N;,C) and an isometric colligation

i=1
0 ‘ B, --- B,
0 B Ci| D -+ Dy -
V:{C D]: 3 IR EB(C@(@H”»

such that 0 = 1 and Hyp = My ® Ny, k=1,...,n, and representing B;, C; an D;; as

Ci(l)} e 5(C. MioN;),

B, = [B,(1), Bi(2)] € B(Mi@f\&,@)a Ci = [@(2)

D;;(1) D;;(12
and D;; = [Dijj(gf) DZJ((Z))l € B(M; ® N, M; ®N;), one has B;(2) =0, C;(1) =0, and
D;(21) =0, D(12)=XY and X*D(1)=0,

D(1) = [Dy(1)]7,_, € (@M) and  D(12) = [D;;(12)]" <@/\fp,@/\4).

5. EXAMPLES AND REMARKS

This section is devoted to some concrete examples, further results and general remarks
concerning Schur functions.

5.1. One variable factors. Our interest here is to analyze Schur-Agler class functions in
SA(D™) which can be factored as a product of n Schur functions. More specifically, let

v € SAD") and let p(0) # 0. Suppose p(z) = ﬁ vi(z), z € D", for some p; € S(D),
i=1

A

i = 1,...,n. Then there exist isometric colligations V; = [%1 gl] € B(C @ H;) such that
w; =1y, foralli=1,...,n. Let a = [[_; a;, and define
. a By 0 . an 0 B, A %i ? Bgz 8
Vi=|C, Dy 0, Va=|0 T 0 andVi:éObO,
0 0 I C, 0 D i i
0 0 0 [

in BCaeH, dHY), BCaH " &H,), and B(C®H " & H,; ®HL,,) respectively and for
all 1 < <n. Then V =[], V;, is an isometry in B(C @& H}). Moreover, it follows that

o |B - B,
V= {a B} B Cy|Du -+ Din

(5.1) o
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where
i " D if i = j
B = ([Jax)Bi, Ci=(]] ax)Ci, and Dy; =<0 if i > j
k=1 k=i+1 (@ix1 -+ a;—1)CiB; ifi < j.
Hence aD; ; = C;Bj, for all 1 <7 < j < n. Then by repeated application of Theorem 2.2, we

have ¢ = 7y,. The converse, as stated below, follows directly from repeated applications of
Theorem 2.3. We have thus proved the following theorem.

Theorem 5.1. Suppose 6 € SA(D™) and 6(0) # 0. Then 0(z) = Héi(zi), z € D" for
i=1

some Schur functions {0;}, C S(D) if and only if 0 = 1, for some isometric colligation

a ‘ B -+ B, U

Di -

a B Ci|Dn -+ Dy, n zfz ]
V= c pl=1|: ) ) . 0nC@<EBHi) such that D;; = < 0 if1> 7.
: : " : i=1 e

Cn Dnl e Dnn %CiBj Zfz =/

5.2. Examples. Here we aim at applying our results to some concrete examples.

a B]EBK@H)

Example 1: Let ¢ € S(D) and ¢ = 7y, for some isometric colligation Vj = {C D

Now we consider 1(z) = 2™, z € D and m € N. One then shows that

ojr 0 --- 0
ojo 1 --- 0
V=131t + . | eBCaCm),
0ojo 0 --- 1
110 0 -~ 0

is an isometric colligation and ¢ = 7, . Set 0 = i = 7y, 7y,,. Then by Theorem 3.2 (or
more specifically, by (3.3)) it follows that 7y (2) = 2™p(z), 2 € D, where V € B(C®H ¢ C™)
is an isometric colligation with the following representation

0|/ B al|0 0 -+ 07
o/p Cjo 0 --- 0
o0 o0o(1 0 --- 0
y— |00 0[0 T - 0|eBCa™aT)sC).
00 0]0 O 1
[ 1/0 0/0 0 -+ 0]

Example 2: Our second example concerns Blaschke factors: If A € D, then the Blaschke factor
by € Aut(D) is defined by

b)\(Z) = —)\ (Z € ]D))
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_ /T— N2
A LA € B(CaC)is an

Now observe that, for each A € D, the matrix V, =
’ ’ V1—=|A]? A

isometric colligation and by = 7v,. Now, suppose «, § € D and 6(z) = b,(21)bs(22), z € D
Then Theorem 2.2 implies that 8 = 7y, where

of  VT-Jo  —ay1-5P
V=1-8/1—laP a  1-]aPVI-]3P],
VI-13P B

0

is an isometric colligation in M3(C).

5.3. On F,,(n) and F(n). Let 1 < m < n. Suppose V € B(C @ H* @ H},, ) satisfies
property F,,(n). On account of Theorem 2.3, we have

Tv(z) =1, (21, 20) TV, (Zima1s -+ 5 20) (z e D),

for some isometric colligations V; € B(C @& HY*) and V, € B(C @ H],,,). Note that 7, €
SA(D™) and 7y, € SA(D" ™). The above factorization and Theorem 3.4 further implies

that 7y = 73 for some isometric colligation V € B(C @ (@(MZ @M))) satisfying property
i=1

F(n). It is then natural to ask to what extent one can recover V' from V. To determine the

isometric colligation V', we proceed as follows: First, we let

a ‘ B, --- B,
Ci|Du -+ D,
(5.2) V=1 .| . . . |eBCan,

where D;; = 0fori =m+1,...,nand j = 1,...,m; aD;; = C;B; for ¢« = 1,...,m and
j=m+1,...,n. Let £ be a Hilbert space. Set

)

H, DL H1<i<m
LOH;, ifm+1<i<n.

We now define

Ci| . .
<1 <
[Bi o] if1<i<m o Hl=sism
Yi = Zi=4
[0 Bi] iftm+1<1i<n, g Fm+1<i<n,
\_i_
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and ) )
(D 0
J if1<i,j<m
0 4l
Wij — ) )
01
e 0 ifm+1<i,j<n,
| 0 Dy
and ) )
.
0 Diy| . : .
J fl<i<m m+1<j53<n
0 0
Wij -
00 iftm+1<1<n,1<75<n.
L [Dij 0
Then, after some manipulations, it follows that the isometric colligation
Ca ‘ Y, - Y,
~ Zy | Wi e Wy, n
(5.3) V=1 . . . | €B(CaKY),
_Zn Wnl e Wnn

satisfies property F(n) and 7y = 7. More specifically, we have proved the following:

Theorem 5.2. Suppose 1 < m < n and let V satisfies property Fm(n). If the representation
of Vis given by (5.2), then 7y = 7y, where V' is given by (5.3) and satisfies property F(n).

5.4. Factorizations of multipliers on the ball. Here we are interested in factorizations of
multipliers of the Drury-Arveson space on the unit ball B” in C™ [8]. However (and curiously, if
not surprisingly), the computations involved in representing multiplier factors of multipliers of
the Drury-Arveson space seem relatively simpler than that of the Schur-Agler class functions
on the polydisc. We omit details here and present only the final result.

Recall that the Drury-Arveson space, denoted by H?, is the Hilbert space of holomorphic
functions on B" corresponding to the reproducing kernel (cf. [8])

k(z,w)=(1-) zw)™"  (z,weB").
i=1

A complex-valued function ¢ on B" is said to be a multiplier if pH? C H2. 1If ¢ is a
multiplier, then M,f + ¢f, f € H2, defines a bounded operator on H2. We let M(H?)
denote the commutative Banach algebra of multipliers equipped with the operator norm
ol := || Myl g(mz). Also we define

My(H;) = {p € M(Hy) « ||| <1}

The following characterization of multipliers (see [8, 14]), parallel to the transfer function
realizations of Schur-Agler class functions on D" (see Theorem 1.2), is the starting point:
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Suppose ¢ is a complex-valued function on B". Then ¢ € M;(H?) if and only if there exist

a B} CadH — CaoH" such that

a Hilbert space H and an isometric colligation V' = { C D

@ = Ty, where
Tv(2) = a+ B(Ily — Eyn(2)D) ' Eyn(2)C (2 € B").
Here given a Hilbert space H, we denote by H" the n-copies of H, and Eyn : B" — B(H", H)

the row operator Eyn(2) = (211y, ..., 2,13), 2z € B™.
We omit the proof of the following result which is similar (in spirit) to the case of SA(D").

Theorem 5.3. Suppose € My(H?) and 6(0) # 0. There exist multipliers ¢ € My(H?2)
and ¥ € My(H?_ ) such that 0(z) = o(21, ..., 20)V(Zmst, -+, 20), 2 € D", if and only if

0 = 1v for some isometric colligation

V = [CL B:| :C@(Hl@ﬂg>%C@<H1@H2)n,

C D
such that writing B = [B(l) B(Z)}, C = [Cl C’n}t and D = [Dl Dn]t, one has
¢ 7] (T
G <<m DA Pi® ey < o
0 0 0
Cj - Dj -
0 0 0
fm+1<j<n, fm+1<j<n,

\ _Cj(2)_ (0 Dj(g)]

and aD;(2) = C;(1)B(2) for alli=1,...,m.

5.5. Reversibility of factorizations. A natural question to ask in connection with Theorem
3.4 is whether the canonical constructions of the colligation V' (out of a pair of isometric
colligations Vi and V3) satisfying property F(n) as in (3.3) and V; and V5 (out of an isometric
colligation V' satisfying property F(n)) as in (3.11) are reversible.

To answer this, we proceed as follows: Given n € N, we let C'(n) denote the set of all

a B e B(Ce ( ¢ 7—[1>) for some Hilbert spaces {H;}";,
¢ D i=1 '
and let F'(n) denote the set of all isometric colligations satisfying property F(n). Define
7 :C(n) x C(n) — F(n) by
T(Vi,V2) =V (Vi,V2 € C(n)),
where V' is as in (3.3) (or Theorem 3.2). Also define  : F(n) — C(n) x C(n) by
(V) =(W,V2) (V€ F(n)),

where V; and V, are as in (3.11). Given V; and Vs in C(n), the aim here is to compare

k(m(Vi, V2)) with (Vi Va). Suppose Vi = {8 g] eB(Ce (@ M)) and V; = [g Z] <
1=1

isometric colligations of the form [
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B ((C @ (@ M)) are isometric colligations and a = a5 # 0. Then by (3.3), it follows that

=1

Oéﬂ Bl Bn

, ¢ by ... D
(,V5) € B(Co (@M o)), and =(vi,vp)= [ 7 T T

N : A -

Cn Dnl Dnn

where B;, C; and ﬁij, i,j=1,...,n, are given by as in (3.4). Since m(V7, V,) satisfies property
F(n), in view of (3.11), it follows that x(w(V3,V2)) = (Vi, V3), where

B& By -+ B, 3 eFR ... 2F,
. 501 Dy oo+ Dy, . G, Hy, --- Hy,
Vi=|". . . and V; = . ;
%Cn Dnl T Dnn Gn Hnl e Hnn

and & and /3 are non-zero scalars satisfying the following relations

B = I + 19 (3oCiC) and &=
i=1

But we know from V;*V; = I that |a]* + C*C =1, that is |a|* + >, CfC; = 1. So =&
and & = ea for some unimodular constant €. Hence

a Bl |B F|\ _(l|lea B| |é8 EF
”"”([G D]’{G H])‘(LC D]’{G HD
where ¢ is an unimodular constant.

One could equally consider the same question for Theorem 2.4. The answer is similar and
we leave the details to the reader.

Data Availability: All data generated or analysed during this study are included in this
published article.
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